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1. Introduction

Since 1933 there is information on discrepancies between the theories for gravity and both the luminosity of
galaxies and larger structures in the universe. Over time, more pointers have been found, indicating that all
that we see is not all there is.
In the current Standard Model of Cosmology (ΛCDM), 70% of the universe’s mass-energy is Dark Energy
(the Λ), 25% is (cold) Dark Matter (the CDM), with the rest being the ‘visible’ matter and energy. The
nature of Dark Matter (DM) is presumed to be very limited in electromagnetic interactions, explaining the
non-observability by telescopes.
To explore this nature, multiple theories and experiments have been put forward.

1.1 Clues for Dark Matter

A hint to a ‘missing mass’ was found in rotation curves of galaxies. The rotational velocity within such a
galaxy does not fall off with increasing radius in a manner that Newtonian Dynamics suggests. Instead, it
falls off very slowly as if there is additional mass which had not been taken into account. In Figure 1.1a, the
difference between the observed and expected velocity curves can be observed.

(a) Rotational Velocity curve of a galaxy, showing the expected and
observed curves. Both the observed and expected curves include the
Disk and Bulge, with the addition of the Dark Matter to the observed
curve.
Source: M. Newby (Milkyway@home),
https://milkyway.cs.rpi.edu/milkyway/science.php#part2

(b) The Abell 2218 cluster which is lensing a
structure behind it in the encircled area.
Source: ESA, NASA, J.-P. Kneib (Observa-
toire Midi-Pyrénées) and R. Ellis (Caltech),
https://asd.gsfc.nasa.gov/

blueshift/index.php/2012/12/18/

maggies-blog-farthest/

Figure 1.1: Clues for Dark Matter
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A second hint can be found using gravitational lensing. When a massive object is between an observer and a
background object, light from the latter is deflected or lensed (see Figure 1.1b). As this lensing phenomenon
is dependent on the mass of the intervening object, this object can be ‘weighed’.
When this is applied to clusters of galaxies, these clusters seem to be up to 400 times as massive as the light
to mass ratio would indicate.

An argument of a more cosmological origin involves the Cosmic Microwave Background (CMB). Photons of
this background were emitted about 300,000 years after the Big Bang in an era called recombination. There,
the first neutral atoms crystalised out of the hot baryon-photon soup.
The Cosmic Microwave Background is highly isotropic. However, high-precision measurements by the Cosmic
Background Explorer (COBE, 1992), Wilkinson Microwave Anisotropy Probe (WMAP, 2013) and Planck
(2013) satellites uncovered anisotropies that hint at a ‘dark’ component within the matter density of the
universe.
These anisotropies can be used to work out interactions and properties of the photons, matter, dark matter
and dark energy content in the early universe.

1.2 Candidates

In order to be able to explain these effects, a dark matter candidate should have a very weak electromagnetic
interaction. If this was not the case, such a candidate would have been visible in some part of the electro-
magnetic spectrum. Further more, it should allow for a vast amount of mass to be fairly evenly distributed
over a galaxy’s halo to allow for a smooth velocity curve.

Several propositions have been made for these properties. They can be roughly categorised into being either
of astrophysical or particle nature.
Examples of proposed astrophysical objects are primordial black holes, MAssive Compact Halo Objects
(MACHOs) and Milli-Second Pulsars (MSPs). However, there is a limit to the extent these objects might
explain dark matter. Both lensing and the velocity curve might be explained by them, but the observation
of baryon acoustic oscillations inhibits the amount of baryons needed to form such objects at the grand scale
needed.

Instead, a particle nature seems more appropriate to explain the dark matter effects. One of the earliest
theories of this kind expects the Standard Model’s neutrino to fulfill the role of dark matter particle. However,
upper limits on its mass show it to be too light to accomplish the gravitational effects needed. Moreover, a
‘hot’ dark matter type, having low-mass particles, would smoothen the largescale structure. The largescale
structures are however rather clumpy.

Currently, the main candidate of a ‘cold’ dark matter is the Weakly Interactive Massive Particle (WIMP).
Like the neutrino, it is non-baryonic, however it needs to be relatively heavy. Another property it should
have is being stable on cosmological timescales. This requires it to have a (nearly-) conserved quantum
number, which is commonly achieved by making the WIMP the lightest particle of a sector.

One such way is the introduction of supersymmetry. It introduces a supersymmetric version for each Standard
Model (SM) particle, and its lightest particle (the LSP) would be a good candidate of a WIMP. The LSP
might be able to annihilate with itself or decay, (indirectly) forming an SM particle which can then be
observed. However, the crosssections and decayrates should be low to fulfill the stability for long timescales.
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1.3 Particle Dark Matter in (Dwarf) Galaxies

If a WIMP can either decay or annihilate to SM particles, then this should be most apparent in locations
with large mass densities. Locations of such high densities are the centers of galaxy halos, that is, at the
center of galaxies.
The Galactic Centre (GC) would then seem to be a very good location for observations of these interactions.
It is, however, a difficult case, as it has a highly complex background. To minimise effects of this, studies on
the GC are done by filtering out its very center and considering a shell around it.

A location more accessible for observations are the dwarf galaxies around the Milky Way. These mini
galaxies exhibit large mass-to-light ratios of up to M/L ≡ Υ ∼ 1000[1, 2] This makes them ideal candidates
considering the signal-to-background ratio.
Another benefit of dwarf galaxies concerns the mass density profile associated with the dark matter. As
there is debate over which profile to use, the smaller observable size gives an advantage over the Milky Way
as a change in profile would give a massively different result for the GC, whereas this is less so in dwarfs.

They do pose challenges. The number of stars is very low compared to normal-sized galaxies, which affects
the determination of some observables. The distance to these dwarfs (d ∼ 30kpc) might pose another problem
concerning the resolvability of stars. Both these aspects give rise to a low amount of tracer stars which are
needed to correctly set up the model (See Section 5.1).

1.4 WIMPy Dark Matter annihilation

As dark matter is favoured to consist of WIMPs, annihilation of two such particles is expected to give rise
to energetic SM particles. The involved interactions may give rise to γ-rays. These γ-rays are looked for by
satellite based instruments such as Fermi-LAT. The γ-ray flux from locations such as a dwarf’s core would
then depend on two factors[3].

dφγ
dEγ

= φPPJ (Eγ)× J (∆Ω) (1.1)

The factor φPPJ provides the particle physics properties of the dark matter, while the J (∆Ω) factor corre-
sponds to its spatial distribution.

To be able to compare to other experiments, and possibly rule out or enhance the existence of a dark matter
particle, Equation (1.1) is inverted to output the particle physics component from a measured γ-ray spectrum
dφγ/ dEγ and estimated J (∆Ω). To this end, both the measurement of the spectrum and the calculation
of this J-value and its uncertainty is important to interpreting the resulting limits on the character of the
dark matter.

1.5 J-values

The factor J(∆Ω) introduced in Section 1.4 is dependent on the DM mass density, ρDM, integrated around
a solid angle ∆Ω = 2π [1− cos(αint)] along the line of sight (dl), with αint the integration angle.

J =

∫∫
∆Ω

ρ2
DM (l,Ω) dΩ dl (1.2)

In the case of dark matter decay, we use the D-value instead of J , with D the integral of ρDM rather than
its square.
Eventhough Equation 1.2 seems to be simple, it poses a problem to compute. The dark matter mass density
ρDM is the integral component of the J-value, however, the density cannot be measured directly. To this end,
techniques (such as Dynamical Mass Modelling) have been developed to infer this density. A requirement
for Dynamical Mass Modelling, commonly called Jeans Analysis, is having spectroscopic measurements of
stars in the dwarf galaxy to infer rotational velocities.
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1.5.1 Estimation

Circumventing the extensive calculation of (1.2) and the required mass density ρDM , a scaling relationship
was found between the heliocentric distance d and J . [3] In Figure 1.2, this relationship is shown, together
with J-values as calculated by various groups.
Fitted to J-values calculated by Geringer-Sameth, Koushiappas, and Walker [4], the relationship takes the
following form,

log10

(
Jpred
J0

)
= −2 log10

(
d

D0

)
, (1.3)

with J0 = 18.1 GeV2/cm−5 and D0 = 100kpc.

Figure 1.2: From [3]. Comparing the scaling relationship (1.3) to data from various groups. The average
measurement uncertainty is bigger than the intrinsic scatter relative to the scaling.

For some newly discovered dwarf galaxies, the required spectroscopic measurements for the Jeans analysis,
are not yet available. As (1.3) gives an estimate for these objects, they can still be used in analyses of the
particle physics factor φPPJ .

The use of Equation 1.3 is justified by assuming these new dwarfs inhabit similar dark matter haloes as the
currently known dwarfs do. This holds to a certain extent, as there are now at least 3 classes of dwarf galaxy
identified (see Section 5.1). Most of these dwarf galaxies are dwarf spheroidal (dSph) galaxies.
In addition, the average measurement uncertainty on the calculated J-values is bigger than their scattering
relative to the scaling itself.
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1.5.2 Jeans Analysis and J-value Calculation

In this thesis, the setup to calculate the J-value utilising Jeans analysis is explored. With the aforementioned
Jeans analysis (see Section 2), a dark matter mass density ρDM can be inferred. It may be obtained by
constructing a galaxy’s halo from measurements on this halo’s stars, as these are the ‘microscopic’ tracers
available to us.

In an ideal case, the full velocity and position vectors of a tracer star is known. However, only the line of
sight component of the velocity can be measured (by taking spectroscopic measurements). Similarly, the
position vector cannot be fully measured as the distance cannot be resolved.

This is where the Jeans analysis comes in. In essence, it employs averaged quantities provided by a phasespace
argument, helping to deal with the missing components to the velocity and position.
Using it, an equation can be derived to obtain radial velocities from an underlying model involving the mass
density function. By comparing the calculated velocities with measured radial velocity of tracer stars, the
model can be updated thus fitting the mass density function.

The derivation of the equation set forth by the Jeans analysis requires the introduction of other quantities
such as velocity anisotropy and stellar density. In Section 3, these are listed and some commonly used
parametric forms are given. They might be linked to other observables such as surface brightness to better
follow the properties of the reconstructed halo.

As the derived equations are a combination of both derivatives and integrals, fitting the mass density function
is hard to do analytically. Because of the number of parameters introduced for the parametric models, this
is accomplished using numerical methods (see Section 4).

Finally, some extra considerations are mentioned in Section 5 to further constrain the calculation of the
models and thus the J-value.



2. Deriving the Jeans Equation

To find the dark matter mass density of a galaxy it is helpful to look at the system in a 6D phasespace (position
and momentum of the stars). On this phasespace a continuity equation (2.1) can be formulated. With
some algebraic manipulations this continuity equation can then be identified as the Collisionless Boltzmann
Equation (2.3).
By further manipulation of the Collisionless Boltzmann Equation, a new equation is derived called the Jeans
equation (2.10). This final equation helps in coping with the missing components to the position and velocity
vectors by introducing averaged quantities of them. In this chapter the derivation of this equation is worked
out.

l

d

x
z

y
S

i

Figure 2.1: Coordinate system for a star S within a dwarf galaxy (shaded area) and its line of sight l.
Velocities cannot be detected along the x and y axis, while their position might be resolved. Conversely,
along the line of sight z, velocities can be mapped using doppler shift but position is non-resolvable.

2.1 Collisionless Boltzmann Equation

Setting up a 6D phasespace is helpful to be able to handle the positions and velocities which cannot be
measured directly (see Figure 2.1). In this phasespace, stars are the points which can be followed throughout
it.
Define the coordinates of this phasespace as ~w = (~x, ~u) with ~x and ~u the (cartesian) distance and velocity.
The combined gravity from the stars and the dark matter gives rise to a smooth potential Φ(~x, t)1. Given

~̇u = −∇Φ, we have ~̇w = (~̇x, ~̇u) = (~u,−∇Φ). In this phasespace a distribution function f(~w, t) gives the

1Note that the mass of the stars is assumed to be negligible

6



CHAPTER 2. DERIVING THE JEANS EQUATION 7

amount of stars per phasespace volume d6w = d3xd3u. Since there cannot be a negative amount of stars, a
constraint is introduced as f ≥ 0.
As stars do not suddenly jump from one phasespace coordinate to another but rather drift smoothly, a
continuity equation can be formulated

∂f

∂t
+

6∑
α=1

∂(fẇα)

∂wα
= 0. (2.1)

The derivatives in the sum can be simplified using

6∑
α=1

∂ẇα
∂wα

=

3∑
i=1

(
∂ui
∂xi

+
∂u̇i
∂ui

)
=

3∑
i=1

− ∂

∂ui

(
∂Φ

∂xi

)
= 0. (2.2)

Here ui does not depend on xi explicitly, just as u̇i = − ∂Φ(~x)/ ∂xi
2 does not depend on ui.

Now (2.1) can be rewritten to the Collisionless Boltzmann Equation

∂f

∂t
+

6∑
α=1

ẇα
∂f

∂wα
= 0 (2.3a)

=
∂f

∂t
+

3∑
i=1

(
ui
∂f

∂xi
− ∂Φ

∂xi

∂f

∂ui

)
=

df

dt
(2.3b)

=
∂f

∂t
+ ~u · ~∇xf − ~∇Φ · ~∇uf. (2.3c)

In (2.3b) the Liouville equation (A.1.1) of f can be recognised. (2.3c) gives more feel for what is stated.
A nice thing about the distribution function is that it can be applied to various populations separately. This
way we can for example define

ftot = fDM + fstars. (2.4)

2.2 Deriving the Jeans equation

The derivation of the Jeans equation is accomplished by integrating the Collisionless Boltzmann Equation
over all velocities in the 6D phasespace.
The first part is concerned with finding the first and second moment of the Collisionless Boltzmann Equation.
The first moment is found by directly integrating (2.3) over the velocities. The second moment, however,
needs the Collisionless Boltzmann Equation to be multiplied with one of the velocities ui before doing the
integration.
In the second part, these moments are combined into one expression, the Jeans equation (2.10).
The introduction of a shorthand for a quantity Q, averaged over all velocities, as

〈Q〉 =

∫
Qf d3u∫
f d3u

=
1

ν

∫
Qf d3u (2.5)

simplifies the resulting expressions.
Here,

ν =

∫
f d3u (2.6)

is the integrated phasespace density as used to set up the phasespace.

2In reality ~̇u differs from −∇Φ due to individual encounters
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2.2.1 Part I: First Moment

Something alike (2.5) can be achieved with the Collisionless Boltzmann Equation. Integrating (2.3b) over
all velocities we get ∫

df

dt
d3u =

∫
∂f

∂t
d3u+

3∑
i=1

(∫
ui
∂f

∂xi
d3u−

∫
∂Φ

∂xi

∂f

∂ui
d3u

)
= 0.

The integrals and derivatives can be swapped because time, space and velocity are independent quantities.

=
∂

∂t

∫
f d3u+

3∑
i=1

(
∂

∂xi

∫
uif d3u− ∂Φ

∂xi

∫
∂f

∂ui
d3u

)
Rewritten in terms of averages (see (2.5)), introducing 〈ui〉, and the density ν, we find

=
∂ν

∂t
+

3∑
i=1

(
∂

∂xi
ν〈ui〉 −

∂Φ

∂xi

∫
∂f

∂ui
d3u

)
.

As there are no phasespace objects with infinite velocities, the integral in the right-most term equals zero.
This can be shown by rewriting the integral to∫

∂f

∂ui
d3u =

∫∫∫
∂f

∂ui
dui duj duk

=

∫∫
duj duk

∫
df

=

∫∫
duj dukf

= 0. (2.7)

Thus we obtain the first moment of the Collisionless Boltzmann Equation, a 3-D continuity equation, as∫
df

dt
d3u =

∂ν

∂t
+

3∑
i=1

∂ (ν〈ui〉)
∂xi

= 0 =
∂ν

∂t
+ ~∇x · ν〈~u〉. (2.8)

2.2.2 Part II: Second Moment

By first multiplying (2.3b) with one of the velocities uj , and then integrating over the velocities, the second
moment of the Collisionless Boltzmann Equation is obtained.

∫
uj

df

dt
d3u =

∫
uj
∂f

∂t
d3u+

3∑
i=1

(∫
ujui

∂f

∂xi
d3u−

∫
uj
∂Φ

∂xi

∂f

∂ui
d3u

)
= 0 (2.9a)

The integrals and derivatives can again be swapped.

=
∂

∂t

∫
ujf d3u+

3∑
i=1

(
∂

∂xi

∫
ujuif d3u− ∂Φ

∂xi

∫
uj
∂f

∂ui
d3u

)
(2.9b)

=
∂ (ν〈uj〉)

∂t
+

3∑
i=1

(
∂

∂xi
ν〈ujui〉 −

∂Φ

∂xi

∫
uj
∂f

∂ui
d3u

)
(2.9c)

The right integral is zero for j 6= i and gives −ν for j = i (see below).

=
∂ (ν〈uj〉)

∂t
+

3∑
i=1

∂ (ν〈ujui〉)
∂xi

+ ν
∂Φ

∂xj
= 0 (2.9d)

This equation is different from (2.8) by having a derivative of the potential, Φ, the time derivative of ν〈uj〉
instead of ν and the position derivative of ν〈ujui〉 instead of ν〈ui〉.
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In (2.9c), the right integral was set to −ν when the coordinates i and j are the same or to zero when they
are different. This can be shown by partially integrating this integral.∫

uj
∂f

∂ui
d3u =

∫
∂ (ujf)

∂ui
d3u−

∫
f
∂uj
∂ui

d4u = −ν〈∂uj
∂ui
〉

In this expression the first term can be set to zero due to the infinite velocities argument (2.7).
If i 6= j, the second integral follows the same logic and returns zero. However, when i = j, this integral is
the regular phasespace integral (2.6) thus returning ν.

2.2.3 The Jeans equation

To obtain the Jeans equation, the previous two equations are combined into one expression by multiplying
(2.8) with 〈uj〉 and subtracting this from (2.9d).

∂ (ν〈uj〉)
∂t

+

3∑
i=1

∂ (ν〈ujui〉)
∂xi

+ ν
∂Φ

∂xj
−

(
〈uj〉

∂ν

∂t
+ 〈uj〉

3∑
i=1

∂ (ν〈ui〉)
∂xi

)
= 0

= ν
∂〈uj〉
∂t

+ ν
∂Φ

∂xj
+

3∑
i=1

(
∂ (ν〈ujui〉)

∂xi
− 〈uj〉

∂ (ν〈ui〉)
∂xi

)

= ν
∂〈uj〉
∂t

+ ν
∂Φ

∂xj
+

3∑
i=1

{
∂ (ν [〈ujui〉 − 〈uj〉〈ui〉])

∂xi
+ ν

(
∂〈ujui〉
∂xi

− 〈uj〉
∂〈ui〉
∂xi

)}
Defining the stress tensor σ2

ij = 〈(ui − 〈ui〉) (uj − 〈uj〉)〉 = 〈uiuj〉 − 〈ui〉〈uj〉, we get

= ν
∂〈uj〉
∂t

+ ν
∂Φ

∂xj
+

3∑
i=1

{
∂
(
νσ2

ij

)
∂xi

+ ν〈ui〉
∂〈uj〉
∂xi

}
= 0.

By interpreting νσ2
ij as pressure and ν as density, this equation can be seen as a scalar form of Euler’s

equation (A.2.1).

ν
∂〈uj〉
∂t

+

3∑
i=1

ν〈ui〉
∂〈uj〉
∂xi

= −ν ∂Φ

∂xj
−

3∑
i=1

∂
(
νσ2

ij

)
∂xi

(2.10)

Equation (2.10) has no explicit velocity component. Instead, these have been replaced by averages of the
velocity. Similarly, the problem posed by not being able to resolve the radial position is lifted as the explicit
position components have vanished.

2.2.4 The Jeans equation in different coordinates

The Jeans equation is mostly applied to star clusters and galaxies. These are generally non-cartesian systems.
To get the Jeans equation in a different coordinate system, the Collisionless Boltzmann Equation (2.3) needs
to be rewritten to this coordinate system before taking the first and second moments.
In cartesian coordinates we have 〈ui〉 with i cycling through (x, y, z). In a different coordinate system, the
various 〈ui〉 moments can have different behaviors. So, instead of (implicitly) getting one equation as in
Section 2.2.2, there will be three, i.e. (r,θ,z).
In Appendix A.4 cylindrical and spherical versions of the Collisionless Boltzmann and Jeans equations can
be found.
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2.3 Working with the spherical radial Jeans equation

In Section 2.2, the derivation of the Jeans equation(s) is shown. Because the dwarf galaxies are in first order
approximation spherical objects, the Jeans equations in spherical coordinates are the relevant set.
Of interest is then the spherical radial Jeans equation (A.4.8).This equation is in a general form, and can be
simplified with appropriate assumptions.

The first assumption is steady state ( ∂∂t = 0), effectively erasing the left most term of (2.10). Dynamical
timescales for a dwarf galaxy are so long that no time-dependence of quantities can be taken into account.

Most systems can be further constrained by hydrodynamical equilibrium. When a system is in hydrodynam-
ical equilibrium, the forces are roughly balanced. This implies that there is no net radial motion (〈ur〉 = 0).
With the average radial velocity being zero, some elements of the stress tensor σ2

ij can be rewritten to

σ2
rα = 〈uruα〉 − 〈ur〉〈uα〉 = 〈uruα〉, (2.11)

where α is one of the coordinates (r, θ, ϕ).
Further simplification is achieved by requiring spherical symmetry, setting

〈uθ〉 = 〈uϕ〉 = 0, σ2
rθ = σ2

rϕ = σ2
θϕ = 0, σ2

θθ = σ2
ϕϕ := σ2

ϕ. (2.12)

With the above sets of equations, we can rewrite two terms. The first term uses 〈u2
r〉 = σ2

rr := σ2
r .

Secondly, the
(
〈u2
r〉 − 〈u2

ϕ〉
)

term in the Jeans equation can be recast in terms of the anisotropy parameter
βani and the radial velocity dispersion σ2

r , where

βani = 1−
〈u2
ϕ〉
〈u2
r〉

= 1−
σ2
ϕ

σ2
r

. (2.13)

The anisotropy parameter βani can take values from −∞ up to 1, where the first value corresponds to circular
and the second value to radial isotropy. There is full isotropy when βani = 0.

With these changes, the spherical radial Jeans equation becomes

1

ν

∂
(
νσ2

r

)
∂r

+ 2βani
σ2
r

r
=
∂Φ

∂r
= −GM(r)

r2
, (2.14)

relating the total enclosed mass M(r) to the radial dynamical pressure P = νσ2
r .

2.3.1 Solution to the spherical radial Jeans equation

The radial Jeans equation (2.14) is now the tool to analyse the various dwarf galaxies.
A general solution to this equation can be set up as

ν(r)σ2
r(r) =

1

f(r)

∞∫
r

f(s)ν(s)
GM(s)

s2
ds, (2.15)

with

f(r) = fr1 exp

 r∫
r1

2

s
βani(s) ds

 , (2.16)

where the terms of interest are the ν(r)σ2
r(r) and M(r) terms. The M(r) term contains the dark matter

mass distribution ρDM which is needed to perform the integral of (1.2). The ν(r)σ2
r(r) term contains the

radial dispersion which is the observationally accessible quantity in our context.

The main obstacle posed by (2.14) (and its solution (2.15)) is a degeneracy between the mass M(r) and the
anisotropy βani(r), known as the Mass-Anisotropy-Degeneracy (MAD).
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By assuming appropriate values to βani(r), it is possible to lift the MAD and get analytic expressions for
the mass profile. A rewritten form of (2.14) makes this easier to discern,

u2
circ =

GM(r)

r
= −σ2

r

(
d ln ν

d ln r
+

d lnσ2
r

d ln r
+ 2βani(r)

)
. (2.17)

Instead of relying on a specific value for βani(r) to lift the degeneracy and calculate the enclosed mass M(r),
we will be choosing parametric models for the anisotropy and mass (see Section 3). Specifically, we will be
using a mass density ρ(s) such that

M(r) = 4π

r∫
0

ρ(s)s2 ds.

Note that the mass contribution of stars is assumed to be negligible. This results in a halo dominated by
the dark matter. Therefore, ρ(r) can be replaced by ρDM (r).

As the internal velocities of the stars cannot be resolved, quantities like ν and σ2
r have to be projected along

the line of sight (see Figure 2.1). This projecting can be done using Abel transforms (A.3.1a, A.3.1b).
With the Abel transforms, the general solution can then be written as

I(r)σ2
p(r) = 2

∞∫
r

(
1− βani(s)

r2

s2

)
ν(s)σ2

r(s)
s√

s2 − r2
ds, (2.18)

with

I(r) =

∞∫
r

ν(s)s√
s2 − r2

ds. (2.19)

With σp the projected velocity dispersion, I(R) the projected stellar density and βani the velocity dispersion
anisotropy. While the first one is directly observable using Doppler shifts, the others are not. To overcome
this, I(R) and βani(r) are assumed to follow profiles as outlined in the next Section.



3. Inputs to the Jeans equations

The derivation of (2.18) introduced quantities like the velocity anisotropy βani(r), stellar density ν(r) and
mass density ρDM , these have to be linked to observables to model the dwarf galaxy correctly.
Such observables include the total luminosity L of the galaxy, the line-of-sight velocities ulos and positions
of individual stars, the total velocity dispersion σtot and the radius from the center of the galaxy at which
the light intensity is halved, called the half-light radius r1/2.

To link these observables and the introduced quantities, profiles can be used. The profile parameterises its
quantity in the form of exponents and scaling which have to be fitted later. In this Section, some profiles
are explored for the mass density ρDM , velocity dispersion anisotropy βani(r) and the stellar density ν(r) or
projected stellar density I(r).

Some of these observables can be used to set limits or fit the above mentioned profiles directly. For example,
there is a relationship between the mass at the 3D half-light radius and the total velocity dispersion assuming
the enclosed mass is constrained only at the half-light radius by the Jeans equation [5, 6].

M
(
r1/2

)
= 3σ2

tot/G. (3.1)

3.1 Mass density profiles

Throughout the literature, many profiles have been suggested for ρDM . One of the first profiles proposed
was the Navarro, Frenk and White (NFW) profile.[7] It was based on large scale N-body simulations of
collisionless dark matter. Later phenomologically-oriented profiles such as the Burkert (3.2)[8] and Moore
profiles (see Table 3.1)[9] have been introduced as they have different behaviours at small radii (being cored
or cuspy) and/or large radii (falling off faster or slower).

ρBurkert =
ρs

(1 + r/rs)
(

1 + (r/rs)
2
) =

ρ0r
3
s

(rs + r) (r2
s + r2)

(3.2)

Here we will be reviewing the Einasto ρEinDM [10, 11] and the Zhao-Hernquist ρZhaoDM [12] mass density profiles
as these are currently the most favored profiles [13, 14].

The Einasto profile (3.3) is a cored profile. This means that at small radii, the profile will converge to a
finite value. This can be contrasted to a cuspy profile which diverges at small radii.
The profile can be defined as

ρEinDM (r) = ρ−2 exp

(
− 2

αEin

[(
r

r−2

)αEin
− 1

])
, (3.3)

where ρ−2 and r−2 are characteristic values at ρ(r) ∝ r−2[15].
The parameter αEin > 0 is the logarithmic slope, controlling the fall off with increasing radius. Note that
due to the nature of this parameter, the profile always retains a core.
The values of the scaling radius r−2 and the scaling mass density ρ−2 are intrinsic to each dwarf galaxy and
have to be found for each dwarf galaxy individually.

12
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Table 3.1: Parameters to the Zhao-Hernquist profile family (3.4) retrieving common profiles. The upper
part are common mass densities, while the lower are the stellar densities.

α β γ
NFW 1 3 1

sNFW 1 3.5 1
Moore 1.5 3 1.5

Isothermal 2 2 0

Plummer 2 5 0

The Zhao-Hernquist profile (3.4) describes a family of often used profiles such as the NFW profile and allows
our fitting mechanism to select the most appropriate of these profiles (See Table 3.1).

ρZhaoDM (r) = ρs

(
r

rs

)−γ[
1 +

(
r

rs

)α] γ−βα
(3.4)

with

d log ρ

d log r

∣∣∣∣
r�rs

= −γ and
d log ρ

d log r

∣∣∣∣
r�rs

= −β

and α reflecting the sharpness of the transition at r = rs [12].
Note that just as r−2 in (3.4), rs is just a scaling radius, to be determined for each dwarf galaxy separately.

With the above definition, we can find ρs with ρs = ρ(rs) · 2
β−γ
α .

To compare the Zhao profile with the Einasto profile, the scaling radius rs can be rewritten to an equivalent
of r−2 with

rZhao−2 = rs ×
(
β − 2

2− γ

)−1/α

(3.5)

(a) The Einasto and Zhao families of mass density profiles
plotted.

(b) The corresponding integrated and normalized mass
profiles.

Figure 3.1: The Zhao family with γ ≥ 1 is easily identified as they explode at small radii. For illustration
purposes, the Burkert profile (3.2) is mentioned as it shows properties of the other two profiles. It obtains a
flat central density while at the same time exhibiting a fall off common to the NFW profile at larger radii.
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The main difference between the Einasto profile and the Zhao-Hernquist family is the ability to retrieve
“cuspy” or “cored” profiles. As can be seen in Figure 3.1, the Einasto profiles are finite at r = 0. This is the
reason it is called a cored profile.
The Zhao-Hernquist profile is able to retrieve a cored profile with γ = 0 (e.g. the Isothermal profile), while
attaining a cuspy profile with γ ≥ 0 (e.g. NFW profile).

Whether the cuspy or the cored profiles are preferred is ongoing debate. As mentioned earlier, high resolution
N-body simulations favour the NFW profile, corresponding to a cuspy profile. However, Agnello and Evans
[16] show that a NFW profile is disqualified as a viable profile for at least the Sculptor dSph using virial
methods. One of the attributed causes is the unknown substructure of DM haloes.
In fact, there is a tendency to flatter profiles for DM dominated dwarf galaxies, while the cuspy profiles are
more in accordance to the larger galaxies and clusters thereof [17].

In Del Popolo et al. [18] a possible mechanism to flatten initially cuspy profiles is explored. They simulate the
evolution of dwarfs incorporating the baryonic evolution. In the less massive galaxies, the center potential
well is not deep enough to preserve a cusp as the dark matter is heated due to the dynamical friction caused
by the baryonic component. Meanwhile, in massive galaxies and clusters of galaxies, the potential is deep
enough to preserve the cusp, effectively keeping the DM cold, thus explaining the suggestion of the NFW
profile for such objects.

According to Bonnivard et al. [14], the difference between the cored Zhao and Einasto profiles are small.
Even in maximum knowledge situations, in which mock data has been generated with a certain profile for
The Gaia Challenge1, they find that the profiles match to a high degree.
Likewise, An and Zhao [19] concluded that the Einasto and Zhao profiles are qualitatively equal for the cored
profiles, after doing a full analysis on the generalised Einasto and Zhao profiles.
Because of this, and because of its better computability, they recommend to use the Einasto profile.

3.2 Light profiles

In the projected solution of the Jeans equation (2.18) there are two terms that can be related to a light
profile (the surface brightness I(R) and the stellar density ν). Due to (2.19), either of them is needed. The
other can be computed, either analytically or numerically, by applying the relevant Abel transform (A.3.1).

The surface brightness is more readily compared to observational data. This happens because the total
luminosity is the integral of the surface brightness over the extent of the galaxy. Because of this, we will be
reviewing (mostly) the surface brightness profiles instead of their related stellar densities. Note that in the
literature, the symbols Σ and I are used interchangingly for the same surface brightness.
Conversely, if the positioning of stars can be resolved, the stellar density can be fitted to these positions,
resulting in a more appropriate choice of profile (and parameters).

Traditional parametrisations of the light profile are the Plummer (3.6), King (3.7), Sérsic (3.8) and expo-
nential (3.9) profiles [14]. Of these, the Plummer profile is used the most. Since its inception, this profile
has been applied to globular clusters [20]. Because of the analytical properties it is a favorite toy-model for
simulations despite the too large fall off at large distances.
The later profiles have been proposed to better fit certain aspects of globular clusters with the exponential
suggested for dwarf spheroidal galaxies specifically.

1http://astrowiki.ph.surrey.ac.uk/dokuwiki/doku.php

http://astrowiki.ph.surrey.ac.uk/dokuwiki/doku.php
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IPlummer(R) =
L

πr1/2

1[
1 +

(
R
r1/2

)2
]2 (3.6)

IKing(R) = I0

[1 +

(
R

rc

)2
]−1/2

−

[
1 +

(
rlim
rc

)2
]−1/2

2

(3.7)

ISersic(R) = I0 exp

(
−bn

[(
R

rc

)1/n

− 1

])
(3.8)

Iexp(R) = I0 exp

(
−R
rc

)
(3.9)

where for all profiles I0 is a normalization and r1/2, rc and rlim are respectively the half-light radius, core
radius, and the maximum extent after which the density goes to zero. Furthermore, parameters to the Sérsic
profile are bn = 2n− 1/3 + 0.009876/n and n & 0.5 a number to control the logarithmic fall off.
In their analysis, [14] finds that the King and Sérsic both undershoot the light profile at large radii, while
simultaneously over estimating it at small radii.

Figure 3.2: The various light profiles in a log plot

A more flexible profile is obtained by utilizing the Zhao-Hernquist family (3.4) to also parametrise the stellar
density ν(r). Then, after projecting, it can be compared to the total luminosity.
In fact, the 3D stellar density formulation of the Plummer profile is part of the Zhao-Hernquist family with
(α, β, γ) = (2, 5, 0) and normalisation ν0 = 3L

4πr3
1/2

(See Table 3.1).

Because of the flexibility of this profile family, [14] recommends to use the Zhao-Hernquist family or the
Plummer profile specifically for the light profile.
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Figure 3.3: Three anisotropy profile types plotted. There are three distinguishing cases to consider: i)
full isotropy (βani = 0), ii) radial isotropy (βani = 1) and iii) circular isotropy (βani → −∞). Note that
β0 = 0, η = 2 recovers the Osipkov profile from the Baes & van Hese profile.

3.3 Anisotropy profiles

Recall from Section 2 that the velocity dispersion anisotropy parameter is written in terms of βani = 1− 〈u
2
ϕ〉
〈u2
r〉

.

Such that βani = 0 corresponds with full isotropy and βani = 1 (→ −∞) with radial (circular) isotropy.
There are three variants used in the literature: a constant profile (3.10), the Osipkov-Merritt profile (3.11)
and the Baes & van Hese profile (3.12) [14]. The Osipkov-Merritt profile yields 0 for r � ra and 1 for
r � ra, with ra a scale radius. The last profile is the more general solution from which both the constant
and Osipkov-Merritt profile can be regained, with β0 and β∞ the anisotropy at small and large radii,
respectively.
However, the constant profile has been often used. This is primarily due to ease of computation, shortening
the time to complete the fitting procedure. Due to the Mass-Anisotropy-Degeneracy, a change of anisotropy
profile has a direct impact on the mass profile.

βCnstani (r) = β0 (3.10)

βOsipkovani (r) =
r2

r2 + r2
a

(3.11)

βBaesani (r) =
β0 + β∞(r/ra)

η

1 +
(
r
ra

)η (3.12)

The difference between the constant and Osipkov-Merritt profiles is very large. By utilising the Baes & van
Hese profile, both situations are taken in consideration. This is the profile as recommended by [14] because
of its generality.

Note that the anisotropy profiles are linked to the light profiles aswell, as they must satisfy the Global
Density-Slope Anisotropy Inequality [14, 21] This will be further discussed in Section 5.3.2.



4. Fitting Halo Parameters

With the possible profiles outlined in Section 3, we try to fit models for ρ(r), βani(r) and I(R) to find ρDM .
Note that up to 9 free parameters (Zhao-Hernquist and Baes & van Hese) have to be fitted.
A common method is to use Bayesian Analysis in combination with Monte Carlo methods, though there has
been at least one fully frequentist approach defined [22].

4.1 Bayesian Parameter Inference

In order to quantify the knowledge we have, and the uncertainty thereof, we can make use of Bayesian
Analysis. This revolves around an interpretation of Bayes’ theorem (4.1).

P (θ|D) =
P (D|θ) · P (θ)

P (D)
(4.1)

Here, P (θ) and P (D) are the total probabilities of the parameters θ and the data D, with P (D|θ) the
conditional probability of D given θ and P (θ|D) vice versa.

In Bayesian jargon, P (θ) is called the prior and P (θ|D) the posterior probability. They represent the
confidence in your hypothesis before and after data has been taken into account. The P (D|θ) is then the
likelihood of D given θ. This is where model specifics come into play. Note that in the following the term
P (D|θ) will be notated by L for legibility.
Normal, independent and identically distributed data would get the following likelihood.

L =

n∏
i

P (xi|µ, σ) =
(
2πσ2

)−n/2
exp

(
− 1

2σ2

n∑
i

(xi − µ)
2

)
(4.2)

with µ and σ the parameters of the likelihood and xi the data.

As P (D) might involve many terms (possibly infinitely many) it is favourable to subdue its calculation.
With certain techniques such as MLE (see Section 4.1.1) this is allowed, if P (D) is not going to change. For
example, this happens when keeping to the same measurement set. Thus giving rise to

P (θ|D) ∝ L(D|θ) · P (θ)

Note that the choice for a certain prior P (θ) can introduce an artificial skewing of the posterior probability.
This is especially clear when the prior has zeroes, as these can then never be developed. If there is no
previous knowledge, a flat prior is chosen to sample all of the possible values.
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4.1.1 Maximum Likelihood Estimation

One of the ways of fitting parameters to data in the Bayesian framework is called maximum likelihood
estimation (MLE). It revolves around a postulated likelihood L(x; θ) of which the global maximum over the
data x is sought by varying parameters θ.
This can be done on L itself, however, the log-likelihood L ≡ logL is more often used for this. It is generally
simpler to compute and, as the log function is monotonic, it has the same properties needed for the global
maximum.
For example, taking the logarithm of (4.2) we get (4.3). We assumed independent and identically distributed
data, so σ stays constant for each datapoint. This means the first term in (4.3) is a constant, so it can be
dropped from the calculation when looking for the maximum of the likelihood.

L = logL = −n
2

log(2πσ2)− 1

2σ2

∑
(xi − µ)

2
(4.3)

Defining the likelihood requires knowledge of the probability density functions of the parameters. However,
these probability density functions are not always fully known or are too complex to calculate explicitly.
There are methods to sample from such probability density functions using Monte Carlo methods.

4.1.2 Monte Carlo techniques

Monte Carlo techniques are a way of integrating or simulating quantities using (pseudo-)random numbers.
It is especially powerful as a multi-dimensional integrator. The standard way of integrating a 1D function
known as Riemann summing, works on an interval [a, b] by splicing it into N parts. If we want to know the
expectation value of the function f , equalling the geometrical average, it will correspond to

〈f〉 =
1

N

N∑
i=1

f(xi) · (xi − xi−1). (4.4)

However, on higher dimensional grids, this becomes cumbersome as the size of the pointset increases expo-
nentially with the dimension of the grid.

Instead of Riemann summation we can use Monte Carlo methods to integrate numerically. The advantage
of Monte Carlo integration versus deterministic methods, is that you can get a result at a fixed cost (the
calculation of N points), eventhough the result deteriorates when increasing the dimensionality.
This can be seen in

〈f〉 =
1

N

N∑
i=1

f(~xi), (4.5)

where the xi have been generated from a distribution P which might be somewhat tailored to the function
f . In general, P is taken to be the uniform distribution on the wanted interval. There is also an estimator
for the variance with

σ2(f) =
〈
f2
〉
− 〈f〉2 =

1

N

 N∑
i=1

f2(~xi)−

[
N∑
i=1

f(~xi)

]2
 . (4.6)

Note that the variance goes as 1/
√
N , regardless of how many dimensions there are. This can be contrasted

to other methods which generally have a variance that grows with increasing dimension.
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4.2 Setting up the likelihood

Computing the ρDM of a dwarf galaxy involves fitting measured line-of-sight velocities ui. One can posit a like-
lihood based on the line-of-sight velocity like (4.7). Assuming the velocities to be normally distributed (4.2)
around an average velocity 〈u〉, [23] defines the likelihood as

L =

Nstars∏
i=1

 1√
2π

1√
σ2
p(Ri) + ∆2

ui

exp

−1

2

 ui − 〈u〉√
σ2
p(Ri) + ∆2

ui

2


Pi

. (4.7)

In (4.7), the total velocity dispersion at Ri consists of a term indicating the measurement uncertainty on
the velocity ∆ui , and the intrinsic projected dispersion σp(Ri) as defined in (2.18). So σp(Ri) is in fact the
model to be fitted consisting of the profiles for ρDM , I(R) and βani.

For each star, a factor Pi describes the probability that it belongs to the dwarf in question instead of it being
contamination (that is to say, a fore- or background star). This weighting is not yet often used, corresponding
to the binary class of Pi = 0 for stars not to be taken into account and Pi = 1 for those that should.
Examples of the impact of taking wrong stars into account can be seen in Figure 4.1.

Figure 4.1: From [23]: J-factors for dwarf Spheroidal galaxies where membership probabilities are available.
The red triangles correspond to using the membership probabilities. The blue rectangles are only stars with
Pi > 0.95.

4.2.1 Numerical Maximum Likelihood Estimation

The full calculation of the combination of (4.7) and (2.18) with the profiles from Section 3 consists of multiple
integrations and derivatives. The maximum likelihood is then difficult to find analytically.
Instead, one can try to estimate the maximum likelihood numerically. By specifying ranges for the different
parameters we create a parameter space. Then, for various points in this space, we calculate the likelihood
and pick the highest likelihood from the set.

Setting up the distribution in which parameters may vary has an influence on the ability to find the maximum.
This distribution can put a bias in the calculation by putting emphasis on one region while neglecting to
incorporate another area in the Monte Carlo computation.
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To this end, such a distribution should, if possible, be physically motivated, or be as least informative as
it can be. For the latter situation, as mentioned earlier, a common choice is taking a flat distribution. In
Table 4.1, parameter distributions are listed as used by some authors.

Table 4.1: Priors as listed in the various papers. The minimal value for log10(r−2) by [23] is because of the
Global Density-Slope Anisotropy Inequality (see Section 5.3.2).

Paper Profile Parameter Range
[23] Einasto(3.3) log10(ρ−2) [5, 13]

log10(r−2) [log10(r∗s), 1]
Baes & van Hese(3.12) β0 [−9, 1]

β∞ [−9, 1]
log10(ra) [−9, 1]

η [0.1, 4]
[13] Zhao-Hernquist(3.4) log(ρs) [−4,+4]

log(rs) [0,+5]
α [0.5, 3]
β [3, 10]
γ [0, 1.2]

Constant Anisotropy(3.10) − log10(1− βa) [−1,+1]

4.3 Calculating the J-value

The use of MLE allows to find likely models for the halo profile parametrisations (ρDM , ν and βani). The
J-value can then be calculated for each of the obtained mass density profiles by employing 1.2.
However, uncertainties on these values are not provided by this calculation. This means that they have to
be determined in a different manner

Within the MLE framework, the concept of uncertainty is expressed in terms of credibility intervals. For
an estimated parameter θest, the 1−α credibility interval (CI) is the interval containing the true parameter
θtrue with a probability of α.
Using the Central Limit Theorem, one can show that the error E between the true parameter θtrue and the
estimated parameter θest, is asymptotically normal distributed for many estimated parameters.

The models obtained by the MLE are estimated parameters and can therefore be used to determine this
normal distribution. The mean µ and standard deviation σ of this distribution then determine the 1−α CI
for θ as

θ±(1−α)CI = µ±
√
σ

n

∣∣zα
2

∣∣ (4.8)

where n is the number of models and zα
2

is the normal quantile function.

Regular uncertainty propagation can be used to determine the CI on a variable that depends on the deter-
mined parameters θ. This means that only the intervals of the mass density profile are propagated into the
CIs on the J-value.



5. Constraining the J-value

To be able to give better limits on the particle physics factor φPPJ from (1.1) we can either improve the
measured γ-ray signal or tie down uncertainties on the J-value. In Section 4 the J-value and its uncertainty
have been calculated. But there are both systematic and random uncertainties to look into for constraining
the J-value.

In this Section we first look into the dwarf galaxies to which the previously mentioned approach is applied as
there are some differences between the dwarfs to be taken into account. Afterwards, the assumptions made
for setting up the spherical Jeans equation are considered. At the end of this Section, the ways to decrease
uncertainties from the likelihood calculation are explored.

5.1 Dwarf Galaxies

The reason for looking to dwarf galaxies for annihilation or decay signals is the high mass-to-light ratio Υ,
expecting the discrepancy to be explained by dark matter. However, this comes with the price of having
less light to observe as these systems commonly have less stars than a full-sized galaxy. This impacts the
amount of stars that can be used as tracers for the velocity dispersion. But it also impacts the amount of
stars to fit the light profile to.

Another factor is the amount of confirmed dwarf galaxies. At the turn of the century, only a few dwarfs were
known, correspondingly known as classical dSphs. For these galaxies the number of sample stars is relatively
high with N ∼ 1000.[24]
Since then, the Dark Energy Survey (DES) collaboration has identified new dwarfs, among which are a new
class of dSphs, Ultra Faint dSphs (UFDs)[25]. These dwarfs have a very low surface brightness and do not
have that many sample stars, N ∼ 30 [14].

It is important to distinguish between a dwarf galaxy and globular clusters. Globular clusters are reckoned
to have no dark matter content [3]. Meanwhile, they are easily mistaken for a dwarf galaxy as they share
approximately the same magnitudes. This can be seen in Figure 5.2, where some known globular clusters
and dwarf galaxies are shown.
Differentiating between the globular clusters and the dwarf galaxies seems to be possible by finding distances
and half-light radii of the object and determining the metallicities and ages of star populations.
The latter two are especially important as dwarf galaxies are expected to come from a cosmic origin, meaning
that there should be populations that are old ( > 10 Gyr) and have a low metallicity.
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Figure 5.1: From [14]: “Velocity dispersion profile obtained for 3 sample sizes of a same model. Left : large
sample, ideal case with 10000 stars. Right : medium sample, 1000 stars, corresponding to a classical dSph.
Bottom: small sample, with 30 stars, mimicking an ultra-faint dSph.”

Figure 5.2: From [3]: “Absolute visual magnitude (MV ) versus physical half-light radius (r1/2) for dSphs
and globular clusters. Globular clusters, which do not contain measurable DM within their visible stellar
distribution, are marked with red crosses. Spectroscopically confirmed DM-dominated dSphs are labeled
with green squares. Segue 2 (open green square) has the chemical signature of a dSph, but exhibits a low
velocity dispersion, and is therefore excluded from their target list. Milky Way satellites lacking spectroscopic
observations are labeled with black filled circles. Thick orange lines indicate their target sample selection
cuts on objects lacking spectroscopic data.”
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5.2 Violation of Spherical Symmetry

The most important assumptions we have made in Section 2.3 are hydrodynamical equilibrium and spherical
symmetry. As a first order limit this works quite well. However, each of them can be violated to differing
degrees.

For some dwarf galaxies, data indicates they are undergoing tidal interactions, thus ruling out strict hydro-
dynamical equilibrium. This is the case for Boötes III, Willman 1 and Tucana III [3]. One should therefore
be cautious using these for the most stringent limits.

On a larger scale, the spherical symmetry is found to be questionable. All dwarfs exhibit elliptical rings of
constant light called isophotes. This implies a violation of sphericity.[14]
We can loosen the assumption of spherical symmetry by introducing triaxiality. In effect, this requires us to
redo the analysis of models and likelihood with a new geometry for the various distributions,

re =

√(x
a

)2

+
(y
b

)2

+
(z
c

)2

, (5.1)

where x, y and z are cartesian coordinates aligned to the dwarf galaxy’s frame.

Instead of merely using a new radius, we might set up the Jeans equation in an axisymmetric form. This
is a well-studied scenario in e.g. [24, 26]. We take the same assumptions as used in Section 2.3 except
for spherical symmetry, and assume the distribution function to be of the form f(E,Lz), depending on the
total energy E and angular momentum Lz. This last premise gives us a form of the Collisionless Boltzmann
Equation in which the mixed moments are zero. This helps overall in rewriting to a new coordinate system
as mentioned in Section 2.2.4.
Just as in Section 2.3.1, projection effects come into play. These projection effects will, however, not require
computation of integrals such as required for the Abel transforms, making them faster to compute. The
Collisionless Boltzmann Equation and Jeans equations corresponding with cylindrical coordinates can be
found in Appendix A.4.

5.3 Optimizing the Likelihood calculation

Instead of changing the parametric models, or extending them to an axisymmetric case, the likelihood
calculation itself might be optimised.
Some properties are expected to be shared across the population of dwarfs. By fitting these properties across
the population, these observables can be better constrained.
The introduction of appropriate choices for priors can, in a similar manner, accomplish a better result.

5.3.1 Multi Level Hierarchical Modelling

Instead of determining each galaxy on its own accord, an underlying structure common to the dwarfs can
be assumed. To effect this, multi level hierarchical model (MLM) can be used. In Martinez [5], MLM is
outlined and applied as such, splitting properties of the dwarfs into two groups.
The first level consists of the usual individual dSph observables: line-of-sight velocities, metallicities, the
position of stars and the total luminosity of the galaxy. The second level contains halo properties of the
whole set of galaxies. For example, this contains slope parameters to the mass density profile ρDM .



CHAPTER 5. CONSTRAINING THE J-VALUE 24

5.3.2 Optimal cuts

Another method to optimise the likelihood calculation and its result is by choosing the priors (as used in
Section 4.2.1) carefully. By limiting a prior, we influence both the confidence intervals and the obtained
value.
According to [14], an important cut can be made on the integration angle αint used for integrating the
mass density to obtain the J-value using Equation (1.2). Standard choices for this angle are the angle
corresponding to the outermost star fitted, αmax, and an angle of 0.5◦. [14, 27] suggest a critical value of
αc ≈ 2

r1/2
d comparing the half light radius with the distance to the dwarf, where the half light radius is

independent of the light profile in use. As can be seen in Figure 5.3, this critical value maximises the J-value
while at the same time minimising its uncertainty.

Figure 5.3: From Walker et al. [27]: J median value and 95% CLs from four independent Markov Chain
Monte Carlo analyses of the Carina dwarf galaxy, keeping the ‘core’ parameter γ fixed at the indicated
values. The arrow identifies αint = αc.

By imposing another cut on the mass density’s scaling radius rs, Bonnivard et al. [14] finds that taking this
scaling radius to be at least as large as the half light radius (see Table 4.1) helps in reducing the uncertainties
on the J-value (see Figure 5.4). In their analysis of mock data, the Markov Chain Monte Carlo (MCMC)
estimator is improved finding a median value closer to the true value, combined with smaller uncertainties.

A third constraint to acknowledge, mentioned in Section 3.3, is the Global Density-Slope Anisotropy In-
equality (5.2) [21]. In rough terms, the maximum attainable anisotropy is determined by the slope of the
stellar number density. The constraint is necessary as it ensures that the phase space distribution function
f(~w, t) introduced in Section 2.1 stays positive. Thus, it provides a degree of safety against non-physical
solutions to the Jeans equation [14].

βani ≤ −
1

2

d log ν(r)

d log r
(5.2)
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Figure 5.4: From [14]: “Median values (solid lines with symbols) and 95% CLs (thin dashed lines with
symbols) for the velocity dispersion profile (left) and the DM density profile (right). Enforcing the condition
rs > r∗s (red empty circles compared to blue filled circles) in the prior of the MCMC analysis (see Table 1)
lead to better results, i.e. with the median value closer to the true value with smaller uncertainties (less
biased and better estimator). The model shown corresponds to a mock ultra-faint dSph galaxy with γ = 0,
rs = 0.2kpc and r∗s = 0.1kpc.”



6. Conclusion

Dark matter is theorised to consist of Weakly Interacting Massive Particles. The examination of γ-ray
radiation from dwarf galaxies around the Milky Way and kinematical analyses of these dwarfs, made possible
by spectroscopic measurements, allow to set limits on the dark matter particle.
One such type of kinematical analysis is called Jeans analysis. It relates measurements from multiple stars to
cope with missing components to the position and velocity vectors of these stars by averaging a phasespace
density function.

In this document, Jeans analysis and parametric methods, used for its computation, are explored to obtain the
dwarf galaxy’s mass density function. By integrating the square of the mass density function, a characteristic
value called J-value is calculated for a dwarf. Joint with the γ-ray spectrum, this J-value is used to set the
previously mentioned constraints.

The Jeans analysis requires the introduction of quantities such as velocity dispersion anisotropy and surface
brightness. These quantities are cast in a parametric form and, if possible, related to observationally acces-
sible quantities. As there are multiple parametrisations to choose from, some common models, as used in
the literature, are outlined. While outlining, differences between models are analysed and recommendations
made on picking an applicable model.

The computation of the Jeans equation requires performing both integrals and derivatives. Inverting the
equation is analytically hard to accomplish, so numerical methods are used to find the optimal parameters.
The parameters are allowed to change according to a prior distribution. By fitting each set of parameters
and comparing the resulting fits to each other, these optimal parameters can be found.

Some further techniques and considerations can be taken into account for minimising uncertainties and max-
imising the obtained limits. Examples of such are Multi-Level Modelling to incorporate an underlying model
shared between the dwarf galaxies for the determination of the mass density function, and the introduction
of Triaxiality into both the Jeans analysis and the parametric models.

In Table 6.1, various effects on the uncertainty of the J-value are listed. These effects include choosing a
wrong parametric models for the velocity dispersion anisotropy βani and light profile I light. Another effect
listed is the similarity of Zhao and Einasto mass density profiles when applied to dwarf spheroidal galaxies.
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Annihilation Decay Comments
Ultra-faint Classical Ideal Ultra-faint Classical Ideal

Bias from: Jmedian/J true(αJc ) Dmedian/Dtrue(αDc )
Einasto vs Zhao none none none none none none → use Einasto + cuts‡

Wrong βani none . 3 . 10 none . 2.5 . 2 → use βBaes
ani

Wrong I light . 2 . 3 . 3 . 1.5 . 4 . 4 → use Zhao
Triaxiality . 2.5 . 2.5 . 2.5 . 2 . 2 . 2 Systematic uncertainty

Uncertainties†; J±95%CL/Jmedian(αJc ) D±95%CL/Dmedian(αDc )
Maximum knowledge . 20 . 2 . 1.5 . 8 . 1.5 . 1.25 DM only + cuts‡

ρEinasto
DM + βBaes

ani modelling . 20 . 4 . 2.5 . 10 . 2 . 2
‡Enforce rs ≥ r∗s and α ≥ 0.12 in the priors.

†Light profile uncertainties have a very small effect on J and D at αc, and are not shown here.

Table 6.1: Table 4 from [14]: “Summary of all effects discussed in the paper for annihilation and decay (J and D-factors). The upper block
corresponds to biases induced by the choices of parametrisation and halo triaxiality. The lower block gives the minimum (maximum knowledge) and
typical (ρEinasto

DM +βBaes
ani modelling) uncertainties expected in a data-driven Jeans analysis. Note that we show the quantity J±95%CL/Jmedian instead

of J±95%CL/J true, in order to be comparable to the expectations of real data analyses.”



A. Various equations

A.1 Liouville equation of ρ(p, q; t):

dρ

dt
=
∂ρ

∂t
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A.2 Euler’s equation for fluids with pressure p and density ρ

ρ
∂v

∂t
+ ρ (v · ∇) v = ρ∇Φ−∇p (A.2.1)

A.3 Abel transforms

Projecting: F (r) = 2

∫ ∞
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Deprojecting: f(s) = − 1
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A.4 Cylindrical and Spherical CBE and Jeans equations

Cylindrical (r, θ, z) Collisionless Boltzmann Equation
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Radial Jeans Equation
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Spherical (r, ϕ, θ) Collisionless Boltzmann Equation
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Jeans Equation
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